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Abstract—The development of wireless communications cre-
ated broad opportunities in mobile communications. However,
poor channel estimation and lack of proper Doppler shift com-
pensation techniques limit the mobility considerably. Therefore,
a high quality and low-complexity channel estimation is one of
the most important conditions for high mobility. In this paper
we propose a low-complexity delay-Doppler search (DDS) for
matching pursuit algorithms. The proposed search algorithm can
be applied to MP algorithms which estimates the delay and the
Doppler features of the channel in two dimensions efficiently.
Two dimensional approach lowers the complexity significantly.
At the end we show results for the DVB-T2 systems.

Index Terms—Signal Processing, Matching Pursuit, Com-
pressed Sensing, Delay-Doppler Search

I. INTRODUCTION

Wireless communication is developing very fast with a
growing need for high mobility. However, this mobility can not
be achieved due to the Doppler shift (frequency shift) which
creates intercarrier interference (ICI) between subcarriers in
orthogonal frequency-division multiplexing (OFDM) [1]. This
in turn needs to be equalized in the receiver, which requires a
proper channel estimation and a low complexity equalization.
• Motivation

High velocity creates a high mobility which increases the
Doppler shift resulting in a large ICI proportionally which
needs to be equalized. For an accurate equalization the channel
must be estimated in advance.

The channel estimation in time-variant channels requires a
huge number of pilots which makes the system inefficient. To
increase the efficiency matching pursuit (MP) algorithms have
been proposed to estimate the channel with a lower number
of pilots [1], [2], [4].

MP algorithms are iterative in nature and based on a
dictionary [4]. In time-variant channels the size of the dic-
tionary becomes very huge (e.g. 7000 × 100) which makes
these algorithms impractical. A novel, fast and low-complexity
search should be used to make the MP algorithms practical.
Instead of searching the whole dictionary, a delay-Doppler
search can be used with a similar performance and a lower
complexity.
• Literature Survey

Recently, many channel estimation algorithms have been pro-
posed for the time-variant channel estimation. Basis pursuit
(BP), basic MP (BMP), orthogonal MP (OMP) as compressed

sensing algorithms are among those algorithms which can
take advantage of the sparse channels efficiently [1], [2], [3],
[4]. Recently, the MP algorithms became popular due to their
greedy nature, robustness to noise, etc. Since MP algorithms
are based on the dictionary, the accuracy depends on the
dictionary size; in other words its complexity. To overcome
this complexity, several pruning and search algorithms have
been proposed recently. A delay search based OMP (DPB-
OMP) has been proposed by D. Hu et. al. for time-variant
channels [3]. This algorithm searches only for the delays and
adds a polynomial basis expansions model (BEM) for the
Doppler shift estimation.

Recently, a BEM model based estimation was also proposed
for both the delay and the Doppler shift estimation. However,
it can add a modeling error in sparse channels [5]. On the other
hand, a huge number (three times more than normal) of pilots
is required which decreases the efficiency of the transmission.
• Contributions

Here, a consistent delay-Doppler search (DDS) is proposed
for MP algorithms which takes into account the delay-Doppler
spread function of the time-variant channels. Hence, it takes
into account the delays and the Doppler shifts. Based on this
channel state information (CSI) the received signal is equalized
with FFT complexity O(NplogNp) as proposed in [1]. Besides
that we also show that the delay search is independent of the
Doppler shift. Based on this property the complexity reduces
significantly. OMP is used for simplicity throughout the paper
to represent MP algorithms.

Notations: In the paper ‖·‖p and |·| denote the lp norm and
absolute value. Bold lower and upper case letters will denote
vectors and matrices. DT and DH denote the transpose and
the conjugate transpose of the matrix D. (D)P1,P2

denotes the
sub-matrix of D containing the rows with indices in the set P1

and the columns with indices in the set P2. The three specified
bold capital letters I, C and Λ denote the identity, circular and
diagonal matrices, respectively. C denotes the complex space.
(x)P is a subvector of the vector x with indices of the set P.
card (P) will denote the size of the set P. Finally, sinc(x) is
defined as sin (πx) /πx.

II. CHANNEL AND SYSTEM MODELS

A. Channel Model

A linear time-variant channel model is considered in this
paper where the delay and the Doppler shift of the multipath
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propagation model will be denoted with τ and ν [6]. Atten-
uation of the paths in the channel will be represented by a
delay-Doppler spreading function matrix U. The Doppler shift
ν = cos(α)vf/c will be linear for a coherence time within
one OFDM symbol for the velocity v, the angle between the
transmitter and the received α, the carrier frequency f and
the speed of light c. A normalized Doppler shift is used to
represent the effect of the Doppler shift independent of the
bandwidth and the number of the subcarriers as ν/fsc. fsc is
the subcarrier spacing and is calculated as 1/(TsN). Here, Ts
is the system sampling period. The channel transfer function
is formulated for i-th sample and m-th delay bin as follows

h[i,m] =

K−1∑
k=0

L−1∑
l=0

(U)k,le
j2πνlisinc(m− τk

Ts
) (1)

where K and L are the number of the delays and the
Doppler shifts. The time domain channel matrix is used to
show the channel in a matrix form as

HT =

K−1∑
k=0

L−1∑
l=0

(U)k,lΛT,lCT,k (2)

CT,k ∈ CN"N is the time domain circular delay matrix
which can be constructed as

CT,k =


ck,0 0 · · · ck,Ncp−1 · · ·
ck,1 ck,0 · · · 0 ck,Ncp−1
· · · ck,1 ck,0 · · · 0

...
...

...
. . .

...
0 · · · ck,Ncp−1 · · · ck,0


(3)

based on ck,m , sinc
(
m− τk

Ts

)
for τk delay and m =

0, ..., N −1 time bins. ΛT,l ∈ CN"N is time domain diagonal
Doppler shift matrix which can be constructed as

ΛT,l = diag(ej2πνlts0, ej2πνlts1, · · · , ej2πνlts(N−1)) (4)

By denoting the DFT matrix with F ∈ CN"N ((F)n,k =
1√
N
exp(−j2πnkN ) elements for n, k = 0, ..., N − 1) the

frequency domain channel matrix can be written in this form

HF = F

(
K−1∑
k=0

L−1∑
l=0

(U)k,lΛT,lCT,k

)
FH (5)

After adding FHF = I, the channel matrix can be rewritten
as

HF =

(
K−1∑
k=0

L−1∑
l=0

(U)k,lFΛT,lF
HFCT,kF

H

)
(6)

Here (U)k,l can be written on the left side of the F matrix
since this is a scalar coefficient. After denoting FΛT,lF

H ,
CF,l and FCT,kF

H , ΛF,k, the channel matrix can be
written as

HF =

K−1∑
k=0

L−1∑
l=0

(U)k,lCF,lΛF,k (7)

B. System Model

The coded symbol s ∈ CN is transmitted after the inverse
fast Fourier transform (IFFT) as

x = FHs (8)

After transmission, the time domain symbol x is distorted in
the channel which can be represented for i-th sample without
a noise term as follows

(y)i =

Ncp−1∑
m=0

h[i,m](x)(i−m)N (9)

where (i − m)N denotes (i − m) mod N operation to
consider the cyclic prefix. (y)i can be rewritten using the
channel transfer function h[i,m] as follows

(y)i =

Ncp−1∑
m=0

K−1∑
k=0

L−1∑
l=0

(U)k,le
j2πνlisinc(m− τk

Ts
)(x)(i−m)N

(10)
In a matrix form, the received symbol y ∈ CN is repre-

sented as

y = HTx (11)

In the receiver, FFT operation is applied to the symbol y
which is represented as

r = FHTx (12)

Using (8) r ∈ CN can be represented with the frequency
domain channel matrix as

r = FHTFH︸ ︷︷ ︸
HF

s = HF s (13)

i-th sample of the symbol can be shown as a sum of the
ICI free and the ICI components as follows

(r)i = (HF )i,i(s)i +

N−1∑
n=0,n6=i

(HF )i,n(s)n (14)

The second part of (14) vanishes when the Doppler shift
is zero. ICI cancellation techniques target to equalize mainly
this part of the equation [1].

C. Delay-Doppler Search OMP Algorithm

Pilots are transmitted on the subcarrier set P for the channel
estimation. In the receiver pilots are extracted from the OFDM
symbol as (r)P which can be written as follows

(r)P = (HF )P,P(s)P + w (15)

where w ∈ Ccard(P) is a noise term to represent the data
induced ICI. Using (15) this can be rewritten as

(r)P =

K−1∑
k=0

L−1∑
l=0

(U)k,l(CF,lΛF,k)P,P(s)P + w
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Figure 1. Delay-Doppler search within dictionary

Using the dictionary matrix D ∈ CNp"KL (for Np =
card(P)) and u ∈ CKL as an S-sparse vector by stacking
the matrix U as columns (as u = vec(U)) the received pilots
can be represented as follows

(r)P = Du + w (16)

Reconstruction of the u vector can be formulated as an
optimization problem as follows

min
u
‖Du− (r)P‖2 s.t. ‖u‖0 ≤ S (17)

which can be solved using the OMP algorithm [2], [3], [4].
The dictionary matrix D contains KL column vector elements
in total. These elements for a delay-Doppler pair k, l can be
denoted with (D):,m (using m = (Lk + l) : {k, l} → m
mapping) as

dm , (CF,lΛF,k)P,P(s)P (18)

OMP algorithm is an iterative algorithm which will iterate
for q = 1, . . . , Q and reconstruct the coefficient vector u. For
each iteration the residual signal is updated as bqj = dHz (r)P
and for the previously selected elements Z as bqj = bqj −
q−1∑
i=1

(D)H:,(Z)i(D):,(Z)i(ĉ)q−1i where the coefficient ĉq (non-zero

elements of u) is calculated as

ĉq = argmin
c

‖ (r)P − (D):,Zc ‖22 (19)

As a least squares (LS) problem this can be solved as
[(D)H:,Z(D):,Z]−1(D):,Z (r)P.

Now, the delay-Doppler search is discussed in the OMP
algorithm, Table I. The whole dictionary must be processed
in the OMP algorithm which makes the OMP algorithm
impractical due to the huge size of the dictionary in time
variant channels. Instead of that, the delay (with a fixed
Doppler element) can be searched as a search tree. After
finding the delay element τ q , the Doppler element can be
searched similarly. This search within the dictionary is shown
in Fig. 1. As an example the delay search is shown in Fig. 2.

Step 1

0 s 10 s 50 s

1 s 19 s

1.1 s 2.9 s2.4 s

2 s

2.41 s 2.42 s 2.49 s

2.421 s 2.422 s 2.429 s

Step 2

Step 3

Step 4

Step 5

Figure 2. Search tree for OMP

In this example, the true delay 2.422µs is found in five steps.
The node set Tg in each g-th step is updated as



(
0, 1, ..., d τmax

10µs e
)

10µs

(τg−1 − (card(Tg)−1)
2 , ..., τg−1 − 1, τg−1,

τg−1 + 1, ..., τg−1 +
(card(Tg)−1)

2 ) 1

10
g−1 µs

g = 0

g > 0

(20)
and the delay is selected based on the maximum rank-one

projection as follows

s = argmax
j=1,..,card(Tg)

| bqj |2

‖ (D):,z ‖22
(21)

z is mapped as fz : {τ, ν} → z using the function
fz(τ, ν) = (Lτ/∆τ + ν/∆ν). τk , τ0 + k∆τ and νl ,
ν0 + l∆ν are delay and Doppler values where τ0 and ν0 are
set to zero. K is calculated as K = dτmax/∆τe where τmax
can be set to cyclic prefix duration Tcp. L is calculated as
L = dνmax/∆νe where νmax can be set to the subcarrier
spacing of the symbol fsc = 1/(TsN). ∆τ and ∆ν are set to
1ns and 1Hz in our case. The resolution of the delay search
changes 1/10g−1 times at each g-th delay set Tg . It has to be
noted that a similar delay search (without Doppler shift) has
been proposed by D. Hu et. al. with a different search grid
[3].

The Doppler shift is searched in a similar way to the delay
search where the Doppler shift nodes Dm in each m-th step
are updated as



(
−d L

1000e, ..., 0, ..., d
L

1000e
)

1000Hz

(νm−1 − (card(Dm)−1)
2 , ..., νm−1 − 1, νm−1,

νm−1 + 1, ..., νm−1 + (card(Dm)−1)
2 ) 100

10m−1Hz

m = 0

m > 0

(22)
The delay search is independent of the Doppler shift νl for

l = 0, ..., L − 1. According to (14), the diagonal elements
of HF constant and the same for all samples. In the OMP
algorithm this will be a constant for all k = 0, ...,K − 1
delays. Therefore, the delay can be searched by keeping the
Doppler shift fixed. This in turn makes the computation L
times lower than the traditional OMP.
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1) Input: (r)P , Z = � and iterate for q = 0, . . . , Q− 1
2) Set νq = 0 and iterate for g = 0, ..., G− 1

a) update Tg according to (20)
b) map fz : {(Tg)j , ν

q} → z and update bqj = (D)H:,z(r)P for
j = 1, .., card(Tg)

c) if q > 1 update bqj = bqj −
q−1∑
i=1

(D)H
:,(Z)i

(D):,(Z)i (ĉ)
q−1
i for

j = 1, .., card(Tg)

d) s = argmax
j=1,..,card(Tg)

|bqj |
2

‖(D):,z‖22
, τg = (Tg)s

3) Set τq = τG−1 and iterate for m = 0, ...,M − 1

a) update Dm according to (22)
b) map fz : {τq , (Dg)j} → z update bqj = (D)H:,z (r)P for j =

1, .., card(Dg)

c) if q > 1 update bqj = bqj −
q−1∑
i=1

(D)H
:,(Z)i

(D):,(Z)i (ĉ)
q−1
i for

j = 1, .., card(Dg)

d) s = argmax
j=1,..,card(Dg)

|bqj |
2

‖(D):,z‖22
, νm = (Dg)s

4) Set νq = νM−1 and add final z to Z
a) Calculate ĉq according to (19)
b) Stop and set q∗ = q if the stopping criterion fBIC(ĉq) is

satisfied
5) Output: ĉq

∗
,Z

Table I
DDS-OMP ALGORITHM

The stopping criterion is one of the critical parameters of
the algorithm. Instead of iterating Q times it can stop after
reconstruction the dominant paths of the channel. Choosing
more paths will consume an extra power and also can bring an
error [7], [8]. Recently, several analytical and natural stopping
criteria have been proposed to terminate the OMP algorithm.
Bayesian information criterion (BIC) is used as a stopping
criterion inn this paper. It will terminate the algorithm if the
condition below is satisfied as

fBIC(ĉq) > fBIC(ĉq−1) (23)

The BIC function fBIC is defined as

fBIC(ĉ) =
Np
2
logfR(ĉ) +

q

2
logNp (24)

where fR is a residual sum of squares function and is
defined as

fR(ĉ) = (r)TP [(r)P − (D):,Zĉ] (25)

D. Computational Complexity

In the OMP, the size of the dictionary becomes very
huge (7000 × 100 in a very simple case) which makes the
algorithm impractical. The DDS-OMP is a low complexity
MP algorithm with the delay and the Doppler shift search.
The complex flop counts for the DDS-OMP are given in Table
II. In case the dictionary elements are generated online, the
complex flop count of the dictionary element generation will
be 4NplogNp + 3Np.

The computational complexity comparison between channel
estimation algorithms is given in Table III. Here S is the total
number of the search nodes which can be calculated as S =

Algorithm Complexity
LS O(N)

BEM O(q∗NlogN)
OMP O(KLq∗Np)

DPB-OMP O(Sq∗
2
Np)

DDS-OMP O(Sq∗
2
Np)

Table III
COMPLEXITY COMPARISON OF CHANNEL ESTIMATION ALGORITHMS

Parameter description Value
Number of the subcarriers N 1024

Cyclic prefix length Ncp 16
Number of pilots Np Np = 72

System sampling period ts (7/64)µs
Maximum normalized Doppler shift fnd 0.2

Digital modulation 16−QAM

Table IV
SIMULATION PARAMETERS

G−1∑
g=0

card(Tg) +
M−1∑
m=0

card(Dm). This is equal to 87 in our

simulation.

III. SIMULATION AND RESULTS

The simulation is done based on the Digital Video Broad-
casting (DVB) standard using common simulation platform
(CSP) in 32-bit matlab [10], [11]. Parameters of the simulation
can be found in Table IV. The simulated channel model is a
typical urban TU-6 standard channel model [9]. The dictionary
parameters K and L are set to 7000 and 100.

First, the performance of the DDS-OMP is presented in Fig.
3. One of the simplest channel estimation methods LS with
an interpolation fails in fast time-variant channels due to the
Doppler shifts. The BEM is only satisfactory in the high SNR
environment and is not robust to the noise. The DDS-OMP
outperforms the DPB-OMP and is almost the same with the
OMP even in the high noise environment. The overall accuracy
of the channel estimation algorithms is poor in comparison to
the perfect CSI because of the data subcarrier interference.

The sensitivity of the DDS-OMP is compared for different
equalizers in Fig. 4. Linear mean minimum squares esti-
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Figure 3. Comparison of channel estimation algorithms
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Steps Description Complex flops
1 Initialization Np

2 Searching for time delay (8q + q(2Np − 1) + (q − 1)(q − 1)(2Np − 1))
G−1∑
g=0

card(Tg)

3 Searching for Doppler shift (8q + q(2Np − 1) + (q − 1)(q − 1)(2Np − 1))
M−1∑
m=0

card(Dm)

4 Searching for delay-Doppler elements at q-th iteration 9q + 3Np + 2(2Np − 1) + q3

5 Output 2q∗

Table II
COUNT OF THE COMPLEX FLOPS IN THE DDS-OMP
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Figure 4. DDS-OMP with different equalizers. SNR vs. BER

mation (LMMSE) based equalizer becomes sensitive to the
high noise. In comparison to LMMSE, successive interference
cancellation with an interference reduction (SICIR) based
equalization is robust to the high noise [9]. In general, FFT-
based iterative sparse linear equation and least squares (LSQR)
based equalizer overfits all the equalizers with the DDS-OMP
channel state information [1], [5].

The size of the search nodes has an influence on the
performance. In Fig. 5, the DDS-OMP is also compared to the
OMP with different size of the search nodes. Here, the number
of pilots is 568 as PP2 scattered pilots and the FFT size is
8192. The cyclic prefix length is set to 128 which results in
Tcp = 7µs. When the size of the search increases the accuracy
also improves. However, after some number of the search
nodes the performance becomes the same with the OMP as we
see in Fig. 3. The red line is forward error correction (FEC)
threshold which is calculated during the simulation using the
DVB-T2 concatenated LDPC and BCH codes with a coding
rate of 1/2. The BER becomes zero beyond that threshold
which gives a motivation to use lower number of the search
nodes to save the computations adapted to the SNR.

IV. CONCLUSION

A novel delay-Doppler search algorithm is proposed with
MP algorithms for channel estimation in time-variant channels.
The channel estimation is based on a low-complexity FFT-
based implementation which makes MP algorithms practical.
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Figure 5. DDS-OMP with different search granularity. SNR vs. BER
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